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Let I ⊂ R be a non-trivial interval and let λ,μ,ν : I2 → (0,1). We present some results
concerning the following functional equation, generalizing the Matkowski–Sutô equation,
λ(x, y)ϕ−1
(
μ(x, y)ϕ(x) + (1− μ(x, y))ϕ(y))
+ (1− λ(x, y))ψ−1(ν(x, y)ψ(x) + (1− ν(x, y))ψ(y))
= λ(x, y)x+ (1− λ(x, y))y,
where ϕ,ψ : I →R are continuous and strictly monotonic unknown functions.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Given a continuous strictly monotonic function α, deﬁned on a real interval I , and λ : I2 → (0,1) consider the quasi-
arithmetic mean Aαλ : I
2 → I generated by α and weighted by λ:
Aαλ (x, y) = α−1
(
λ(x, y)α(x) + (1− λ(x, y))α(y)). (1)
Observe that any strict mean M : I2 → I , i.e. function satisfying
min{x, y} < M(x, y) < max{x, y}, x, y ∈ I, x = y,
can be written as Aαλ with some λ : I
2 → (0,1); it is enough to deﬁne λ by
λ(x, y) = ϕ(M(x, y)) − ϕ(y)
ϕ(x) − ϕ(y) .
In the present paper we study the functional equation
λ(x, y)ϕ−1
(
μ(x, y)ϕ(x) + (1− μ(x, y))ϕ(y))+ (1− λ(x, y))ψ−1(ν(x, y)ψ(x) + (1− ν(x, y))ψ(y))
= λ(x, y)x+ (1− λ(x, y))y, (2)
that is, equivalently,
λ(x, y)Aϕμ(x, y) +
(
1− λ(x, y))Aψν (x, y) = λ(x, y)x+ (1− λ(x, y))y. (3)
In the whole paper I stands for a non-trivial interval and λ,μ,ν : I2 → (0,1) are ﬁxed functions.
In the case when λ is constant or, more generally,
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(
Aϕμ(x, y), A
ψ
ν (x, y)
)= λ(x, y), x, y ∈ I,
applying (1) we can rewrite (3) as
Aidλ
(
Aϕμ(x, y), A
ψ
ν (x, y)
)= Aidλ (x, y). (4)
This is the equation of the invariance of Aidλ with respect to the pair (A
ϕ
μ, A
ψ
ν ). In the case of constant weight functions λ,
μ, ν Eq. (4) was investigated and solved by several authors under various regularity assumptions. In particular, there is
a vast literature concerning the invariance of classical arithmetic mean (cf. [3,4,11]). The general solution, without any
regularity assumption, was published in [5]. The invariance equation involving three quasi-arithmetic means with scalar
weights was studied in [2,7]. The ﬁnal answer with no additional regularity assumption has been recently obtained in [8],
where a method elaborated by Z. Daróczy and Zs. Páles in [4] was adopted as well as results from [7] and [6].
Below we quote the main result of [8] (see [8, Theorem 1]). To shorten its formulation accept the following terminology.
A pair (ϕ,ψ) of real functions deﬁned on I is said to be aﬃne if there exist a, c ∈R \ {0} and b,d ∈R such that
ϕ(x) = ax+ b and ψ(x) = cx+ d, x ∈ I,
and, given a p ∈R \ {0}, a pair (ϕ,ψ) is said to be p-exponential if there exist a, c ∈R \ {0} and b,d ∈R such that
ϕ(x) = aepx + b and ψ(x) = ce−px + d, x ∈ I.
Theorem 1. Assume that λ, μ, ν are constant. A pair (ϕ,ψ) of continuous strictly monotonic functions ϕ,ψ : I → R satisﬁes Eq. (2)
if and only if two conditions are fulﬁlled:
(i) λ = ν1−μ+ν ,
(ii) either (ϕ,ψ) is aﬃne, or λ = 1/2 and (ϕ,ψ) is p-exponential with some p ∈R \ {0}.
In what follows by the diagonal we mean the set {(x, y) ∈ I2: x = y}.
Lemma 1. Assume that λ is differentiable in ﬁrst variable on the diagonal and let α : I → R be a differentiable function with non-
vanishing derivative. Then
∂1A
α
λ (x, x) = λ(x, x), x ∈ I.
If, in addition, λ is twice differentiable in ﬁrst variable on the diagonal and α is twice differentiable, then
∂21 A
α
λ (x, x) = λ(x, x)
(
1− λ(x, x))α′′(x)
α′(x)
+ 2∂1λ(x, x), x ∈ I.
Proof. Differentiating the functions in (1) with respect to the ﬁrst variable on the diagonal we obtain
α′
(
Aαλ (x, x)
)
∂1A
α
λ (x, x) = λ(x, x)α′(x)
for every x ∈ I . Using the equality Aαλ (x, x) = x we obtain the ﬁrst assertion. Now assume that λ is twice differentiable in
ﬁrst variable on the diagonal and ﬁx any x ∈ I . Then, by (1), we have
α′
(
Aαλ (y, x)
)
∂1A
α
λ (y, x) = ∂1λ(y, x)
(
α(y) − α(x))+ λ(y, x)α′(y) (5)
for y’s from a neighbourhood of x. Differentiating the functions appearing here with respect to the ﬁrst variable, we get
α′′
(
Aαλ (x, x)
)(
∂1A
α
λ (x, x)
)2 + α′(Aαλ (x, x))∂21 Aαλ (x, x)2∂1λ(x, x)α′(x) + λ(x, x)α′′(x).
Making use of the ﬁrst part of the lemma and the relation Aαλ (x, x) = x we come to the second assertion. 
In the next corollary we present a relationship between λ, μ, ν on the diagonal.
Corollary 1. Assume that λ, μ, ν are differentiable in ﬁrst variable on the diagonal. If Eq. (2) is satisﬁed by a pair of differentiable
functions with non-vanishing derivatives, then
λ(x, x) = ν(x, x)
1− μ(x, x) + ν(x, x) , x ∈ I.
Proof. Differentiating the functions in (3) with respect to the ﬁrst variable on the diagonal, we have
∂1λ(x, x)
(
Aϕμ(x, x) − Aψν (x, x)
)+ λ(x, x)∂1Aϕμ(x, x) + (1− λ(x, x))∂1Aψν (x, x) = λ(x, x)
for every x ∈ I . Using the ﬁrst part of Lemma 1 and the relation Aαλ (x, x) = x we obtain the claimed condition. 
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We start with a result which is fundamental for next considerations.
Theorem 2. Assume that λ, μ, ν are three times differentiable in ﬁrst variable on the diagonal. Then there exist twice differentiable
functions a,b : I →R such that Φ := ϕ′′/ϕ′ satisﬁes the Riccati equation
(
μ(x, x) − ν(x, x))Φ ′(x) = 1− μ(x, x) − ν(x, x)
1− ν(x, x) Φ(x)
2 + a(x)Φ(x) + b(x) (6)
whenever ϕ : I → R and ψ : I → R are three times differentiable functions with non-vanishing ﬁrst derivatives and the pair (ϕ,ψ)
satisﬁes Eq. (2).
To prove this theorem we need some lemmas.
Lemma 2. Let n 2 be an integer. Assume that λ, μ, ν are n-times differentiable in ﬁrst variable on the diagonal. Then there exists an
(n − 1)-times differentiable function f : I →R such that
ψ ′′(x)
ψ ′(x)
= − μ(x, x)
1− ν(x, x)
ϕ′′(x)
ϕ′(x)
+ f (x), x ∈ I, (7)
for all twice differentiable functions ϕ : I → R and ψ : I → R, with non-vanishing ﬁrst derivatives and such that (ϕ,ψ) satisﬁes
Eq. (2); the function f is given by
f (x) = 2∂1λ(x, x) (1− μ(x, x) + ν(x, x))
2
(1− μ(x, x))ν(x, x)(1− ν(x, x)) − 2
∂1μ(x, x)
(1− μ(x, x))(1− ν(x, x)) − 2
∂1ν(x, x)
ν(x, x)(1− ν(x, x)) .
Proof. Fix any x ∈ I . Then, by (3), we get
∂1λ(y, x)
(
Aϕμ(y, x) − Aψν (y, x)
)+ λ(y, x)∂1Aϕμ(y, x) + (1− λ(y, x))∂1Aψν (y, x) = ∂1λ(y, x)(y − x) + λ(y, x) (8)
for y’s running through a neighbourhood of x. Differentiating the functions appearing here with respect to the ﬁrst variable,
we obtain
∂21λ(x, x)
(
Aϕμ(x, x) − Aψν (x, x)
)+ 2∂1λ(x, x)(∂1Aϕμ(x, x) − ∂1Aψν (x, x))
+ λ(x, x)∂21 Aϕμ(x, x) +
(
1− λ(x, x))∂21 Aψν (x, x) = 2∂1λ(x, x).
Using Lemma 1, Corollary 1, and the equality Aαλ (x, x) = x we obtain the desired condition. 
Corollary 2. Assume that λ, μ, ν are twice differentiable in ﬁrst variable on the diagonal and
μ(x, x) + ν(x, x) = 1, x ∈ I. (9)
If Eq. (2) has a solution (ϕ,ψ), where ϕ : I →R and ψ : I →R are twice differentiable functions with non-vanishing ﬁrst derivatives,
then
∂1λ(x, x) = 0 (10)
or
λ(x, x) = μ(x, x) = ν(x, x) = 1
2
(11)
for every x ∈ I .
Proof. Take any twice differentiable functions ϕ : I → R and ψ : I → R with non-vanishing ﬁrst derivatives and such that
(ϕ,ψ) satisﬁes (2). Then, by Lemma 2 and (9),
ψ ′′(x)
ψ ′(x)
= −ϕ
′′(x)
ϕ′(x)
+ 8∂1λ(x, x)ν(x, x) − 2∂1μ(x, x) − 2∂1ν(x, x)
ν(x, x)(1− ν(x, x)) (12)
for every x ∈ I . Replacing the pairs (μ,ν) and (ϕ,ψ) by (ν,μ) and (ψ,ϕ), respectively, and using Lemma 2 and (9) again
we see that
ϕ′′(x)
′ = −
ψ ′′(x)
′ +
8∂1λ(x, x)μ(x, x) − 2∂1ν(x, x) − 2∂1μ(x, x) (13)
ϕ (x) ψ (x) μ(x, x)(1− μ(x, x))
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∂1λ(x, x)
(
μ(x, x) − ν(x, x))= 0, x ∈ I.
Fix any x ∈ I . Then (10) holds or μ(x, x) = ν(x, x). In the second case (9) and Corollary 1 yield condition (11). 
The next lemma provides the form of the third derivative of the function Aαλ on the diagonal.
Lemma 3. Assume that λ is three times differentiable in ﬁrst variable on the diagonal and let α : I →R be a three times differentiable
function with non-vanishing ﬁrst derivative. Then
∂31 A
α
λ (x, x) = λ(x, x)
(
1− λ(x, x)2)
(
α′′(x)
α′(x)
)′
+ λ(x, x)(1− λ(x, x))(1− 2λ(x, x))
(
α′′(x)
α′(x)
)2
+ 3(1− 2λ(x, x))∂1λ(x, x)α
′′(x)
α′(x)
+ 3∂21λ(x, x)
for every x ∈ I .
Proof. Fix any x ∈ I . Then it follows from (5) that
α′′
(
Aαλ (y, x)
)(
∂1A
α
λ (y, x)
)2 + α′(Aαλ (y, x))∂21 Aαλ (y, x) = ∂21λ(y, x)(α(y) − α(x))+ 2∂1λ(y, x)α′(y) + λ(y, x)α′′(x)
for y’s from a neighbourhood of x. Differentiating the functions appearing here with respect to the ﬁrst variable we have
α′′′
(
Aαλ (x, x)
)(
∂1A
α
λ (x, x)
)3 + 3α′′(Aαλ (x, x))∂1Aαλ (x, x)∂21 Aαλ (x, x) + α′(Aαλ (x, x))∂31 Aαλ (x, x)
= 3∂21λ(x, x)α′(x) + 3∂1λ(x, x)α′′(x) + λ(x, x)α′′′(x).
By Lemma 1 and condition Aαλ (x, x) = x we obtain
∂31 A
α
λ (x, x) = λ(x, x)
(
1− λ(x, x)2)α′′′(x)
α′(x)
− 3λ(x, x)2(1− λ(x, x))
(
α′′(x)
α′(x)
)2
+ 3(1− 2λ(x, x))∂1λ(x, x)α
′′(x)
α′(x)
+ 3∂21λ(x, x).
Now, using the identity
α′′′(x)
α′(x)
=
(
α′′(x)
α′(x)
)′
+
(
α′′(x)
α′(x)
)2
,
we obtain the claimed formula. 
Now we are in position to give
Proof of Theorem 2. Fix any x ∈ I . Then, by (8), we get
∂21λ(y, x)
(
Aϕμ(y, x) − Aψν (y, x)
)+ 2∂1λ(y, x)(∂1Aϕμ(y, x) − ∂1Aψν (y, x))+ λ(y, x)∂21 Aϕμ(y, x) + (1− λ(y, x))∂21 Aψν (y, x)
= ∂21λ(y, x)(y − x) + 2∂1λ(y, x)
for y’s from a neighbourhood of x. Differentiating the functions appearing here with respect to the ﬁrst variable at x, that
is calculating the third derivatives of the functions in (3) at the point (x, x), we obtain
∂31λ(x, x)
(
Aϕμ(x, x) − Aψν (x, x)
)+ 3∂21λ(x, x)(∂1Aϕμ(x, x) − ∂1Aψν (x, x))+ 3∂1λ(x, x)(∂21 Aϕμ(x, x) − ∂21 Aψν (x, x))
+ λ(x, x)∂31 Aϕμ(x, x) +
(
1− λ(x, x))∂31 Aψν (x, x) = 3∂21λ(x, x).
Using Lemmas 1, 3 and the equality Aα(x, x) = x, we getλ
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(
μ(x, x) − ν(x, x))+ 3∂1λ(x, x)
(
μ(x, x)
(
1− μ(x, x))ϕ′′(x)
ϕ′(x)
+ 2∂1μ(x, x)
)
+ 3∂1λ(x, x)
(
−ν(x, x)(1− ν(x, x))ψ ′′(x)
ψ ′(x)
− 2∂1ν(x, x)
)
+ λ(x, x)μ(x, x)(1− μ(x, x)2)
(
ϕ′′(x)
ϕ′(x)
)′
+ λ(x, x)μ(x, x)(1− μ(x, x))(1− 2μ(x, x))
(
ϕ′′(x)
ϕ′(x)
)2
+ 3λ(x, x)(1− 2μ(x, x))∂1μ(x, x)ϕ
′′(x)
ϕ′(x)
+ 3λ(x, x)∂21μ(x, x)
+ (1− λ(x, x))ν(x, x)(1− ν(x, x)2)
(
ψ ′′(x)
ψ ′(x)
)′
+ (1− λ(x, x))ν(x, x)(1− ν(x, x))(1− 2ν(x, x))
(
ψ ′′(x)
ψ ′(x)
)2
+ 3(1− λ(x, x))(1− 2ν(x, x))∂1ν(x, x)ψ
′′(x)
ψ ′(x)
+ 3(1− λ(x, x))∂21ν(x, x) = 3∂21λ(x, x). (14)
By formula (7) we eliminate the function ψ ′′/ψ ′ from this equality. Let Φ = ϕ′′/ϕ′ . Then, collecting all the terms suitably,
we infer that the coeﬃcients staying by Φ ′(x) and Φ(x)2 are equal
λ(x, x)μ(x, x)
(
1− μ(x, x)2)− (1− λ(x, x))μ(x, x)ν(x, x)(1+ ν(x, x))
and
λ(x, x)μ(x, x)
(
1− μ(x, x))(1− 2μ(x, x))+ (1− λ(x, x))μ(x, x)2ν(x, x)(1− 2ν(x, x))
1− ν(x, x) ,
respectively. Now, multiplying the functions occurring on both sides of (14) by 1 − μ(x, x) + ν(x, x) and dividing by
μ(x, x)(1 − μ(x, x))ν(x, x), using Corollary 1, and denoting by a(x) the coeﬃcient staying by Φ(x) and by b(x) the free
term, we come to the desired formula. 
3. Further results
It is well known that when solving the Riccati equation we come to some diﬃculties. In particular, there are no, in
general, methods and formulas giving its solutions effectively. However, in the corollaries below we consider some special
cases when Eq. (6) can be effectively solved. In particular, if
μ(x, x) = ν(x, x), x ∈ I, (15)
then (6) is equivalent to an algebraic quadratic equation. Then we obtain
Corollary 3. Assume that λ, μ, ν are three times differentiable in ﬁrst variable on the diagonal and condition (15) holds. Then there
exist twice differentiable functions a,b : I →R such that ϕ′′/ϕ′ satisﬁes the equation
1− 2μ(x, x)
1− μ(x, x) Φ(x)
2 + a(x)Φ(x) + b(x) = 0
for all three times differentiable functions ϕ : I →R and ψ : I →R, with non-vanishing ﬁrst derivatives and such that (ϕ,ψ) satisﬁes
Eq. (2).
In the case when condition (9) is satisﬁed, the Riccati equation (6) is a linear differential one, which is easy to solve.
Corollary 4. Assume that λ, μ, ν are three times differentiable in ﬁrst variable on the diagonal and condition (9) holds. Then there
exist twice differentiable functions a,b : I →R such that ϕ′′/ϕ′ satisﬁes the differential equation
(
2μ(x, x) − 1)Φ ′(x) = a(x)Φ(x) + b(x)
for all three times differentiable functions ϕ : I →R and ψ : I →R, with non-vanishing ﬁrst derivatives and such that (ϕ,ψ) satisﬁes
Eq. (2).
If (9) holds and some additional condition is satisﬁed, then we can say even more. The next result follows immediately
from Corollary 2 and formula (14).
Corollary 5. Assume that λ, μ, ν are three times differentiable in ﬁrst variable on the diagonal, condition (9) holds, and
(
2∂1λ(x, x) − ∂1μ(x, x) − ∂1ν(x, x)
)′ = 2∂21λ(x, x) − ∂21μ(x, x) − ∂21ν(x, x), x ∈ I. (16)
If ϕ : I →R and ψ : I →R are three times differentiable functions, with non-vanishing ﬁrst derivatives and such that (ϕ,ψ) satisﬁes
Eq. (2), then equality (10) or
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ϕ′(x)
= 8(∂1λ(x, x) − ∂1μ(x, x)) and ψ
′′(x)
ψ ′(x)
= 8(∂1λ(x, x) − ∂1ν(x, x))
hold for every x ∈ I .
Clearly condition (16) is satisﬁed if, for instance, the function 2∂1λ − ∂1μ − ∂1ν is constant in a neighbourhood of the
diagonal.
Example. Given a function s : I → (0,∞) we come to an important class of weighted quasi-arithmetic means Bαs of the form
Bαs (x, y) = α−1
(
s(x)
s(x) + s(y)α(x) +
s(y)
s(x) + s(y)α(y)
)
,
known as the Bajraktarevic´ means (cf. [1]). In paper [9] we study the invariance equation
Aid1/2 ◦
(
Bϕs , B
ψ
s
)= Aid1/2,
whereas in [10] the equations
B idr ◦
(
Bϕs , B
ψ
t
)= B idr
and
Aid1/2 ◦
(
Bϕs , B
ψ
1/s
)= Aid1/2
are investigated. Observe that all these equations are of the form (4). The functions λ, μ, ν are deﬁned by
λ(x, y) = 1
2
and μ(x, y) = ν(x, y) = s(x)
s(x) + s(y) ,
λ(x, y) = r(x)
r(x) + r(y) , μ(x, y) =
s(x)
s(x) + s(y) , ν(x, y) =
t(x)
t(x) + t(y) ,
and
λ(x, y) = 1
2
, μ(x, y) = s(x)
s(x) + s(y) , ν(x, y) =
s(y)
s(x) + s(y) ,
respectively. In all the cases μ(x, x) = ν(x, x) = 1/2 for every x ∈ I , so conditions (9) and (15) are fulﬁlled. However, in the
last case we have
∂1λ(x, x) = 0, ∂1μ(x, x) = s
′(x)
4s(x)
and ∂1ν(x, x) = − s
′(x)
4s(x)
, x ∈ I,
that is also condition (16) holds.
Corollary 5 provides a rather surprising observation: in some cases the solution (ϕ,ψ) of Eq. (2) is completely deter-
mined in the whole I2 by the values of the weights λ, μ, ν counted arbitrarily close to the diagonal only.
In general, however, we are still far from determining all the solutions of Eq. (2). If we assume that a pair (ϕ,ψ)
satisﬁes (2), then, by Theorem 2 or Corollaries 3 and 5, we know only the form of ϕ′′/ϕ′ . By twice integration we obtain
the form of ϕ and then, by Lemma 2, also ψ . In particular, when we obtain a linear differential equation (cf. Corollary 5)
we get at most four parameter families of functions ϕ and ψ . It is usually diﬃcult to verify if the pair of functions, obtained
in that way, really satisﬁes Eq. (2). Sometimes, however, it is quite easy; this is the case, for instance, in the situations
described in the rest of the paper.
As an immediate consequence of Corollary 5 we obtain
Corollary 6. Assume that λ, μ, ν are three times differentiable in ﬁrst variable on the diagonal, condition (9) holds, ∂1λ(x, x) = 0 for
every x ∈ I , and
∂1λ(x, x) = ∂1μ(x, x) = ∂1ν(x, x), x ∈ I. (17)
If ϕ : I →R and ψ : I →R are three times differentiable functions, with non-vanishing ﬁrst derivatives and such that (ϕ,ψ) satisﬁes
Eq. (2), then the pair (ϕ,ψ) is aﬃne.
As λ and −λ simultaneously generate the mean Aλα we may assume below for simplicity that both ϕ and ψ are strictly
increasing.
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∂1μ(x, x) + ∂1ν(x, x) = 4∂1λ(x, x)μ(x, x), x ∈ I,
or
∂1μ(x, x) + ∂1ν(x, x) = 4∂1λ(x, x)ν(x, x), x ∈ I.
Let ϕ : I → R and ψ : I → R be strictly increasing and twice differentiable functions such that (ϕ,ψ) satisﬁes Eq. (2). If ϕ and ψ are
simultaneously convex or simultaneously concave, then the pair (ϕ,ψ) is aﬃne.
Proof. At ﬁrst assume additionally that ϕ′ and ψ ′ do not vanish. By Lemma 2 and (9) (cf. formulas (13) and (12)) we infer
that
ψ ′′(x)
ψ ′(x)
= −ϕ
′′(x)
ϕ′(x)
, x ∈ I.
Therefore, as ϕ′ and ψ ′ are positive, the convexity assumptions implies that ϕ′′(x) = ψ ′′(x) = 0 for every x ∈ I , that is ϕ
and ψ are aﬃne.
For the proof in general case we show that ϕ′(x) = 0 and ψ ′(x) = 0 for all x ∈ I . Denote by Zϕ and Zψ the sets of all
zeros of ϕ′ and ψ ′ , respectively. It is enough to show that these sets are empty. Since they are closed sets with empty
interiors, int I \ (Zϕ ∪ Zψ) = ∅. It can be represented as a union of a countable family of pairwise disjoint open intervals.
Let I0 be one of them, and suppose that I0 = I . Then at least one end of I0, say x0, belongs to int I . Clearly, x0 ∈ Zϕ ∪ Zψ,
that is either ϕ′(x0) = 0, or ψ ′(x0) = 0. On the other hand, applying the just proved case of the theorem to ϕ|I0 and ψ |I0 ,
and the continuity of ϕ′ and ψ ′ at x0, we infer that ϕ′(x0) = 0 and ψ ′(x0) = 0. This contradiction shows that I0 = I and,
consequently, Zϕ = Zψ = ∅. 
As an immediate consequence we obtain what follows.
Corollary 7. Assume that λ, μ, ν are twice differentiable in ﬁrst variable on the diagonal,
μ(x, x) = ν(x, x) = 1
2
, x ∈ I,
and condition (17) holds. Let ϕ : I →R andψ : I →R be strictly increasing and twice differentiable functions such that (ϕ,ψ) satisﬁes
Eq. (2). If ϕ and ψ are simultaneously convex or simultaneously concave, then the pair (ϕ,ψ) is aﬃne.
Assuming additionally that all the weight functions are the same, we come to the equation
λ(x, y)ϕ−1
(
λ(x, y)ϕ(x) + (1− λ(x, y))ϕ(y))+ (1− λ(x, y))ψ−1(λ(x, y)ψ(x) + (1− λ(x, y))ψ(y))
= λ(x, y)x+ (1− λ(x, y))y. (18)
The ﬁnal result follows directly from Theorem 3.
Corollary 8. Assume that λ is twice differentiable in ﬁrst variable on the diagonal and such that
λ(x, x) = 1
2
, x ∈ I.
Let ϕ : I → R and ψ : I → R be strictly increasing and twice differentiable functions, simultaneously convex or simultaneously
concave. The pair (ϕ,ψ) satisﬁes Eq. (18) if and only if it is aﬃne.
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